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Abstract

Analysis of Variance (ANOVA) is a popular method to infer whether
sub-populations have effects that are strong enough to reject the null
hypothesis, in the face of observation noise. The variance of conditional
expectation (Var-of-CE) is the variance of these effects in sub-populations,
and this is estimated by sampling a sub-population of size ny, for each sub-
population k, and by sampling K such sub-populations. For the general
case of varying ng, it is unknown what the variance of this estimator
is, though it is known for the special case ny = n, n > 2 for all k €
{1,2,..., K} as in [1]. The following derivation settles the former question
and is of value in use-cases where sampling has constraints.

1 Derivation
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The above equation is the modified version of 1st equation on page (ecl) of
the supplement of [1], to suit a situation of n; samples in each scenario k < K.

Var(ss.) = i<(nk_1)2E<e4>+(”’“_1)(”%_2”’”3’13(%2)(nk1>203>

k=1 "k "k
Cov(SS,,SS.) = 3 - (ni — 1) [((1 - %’“)QE(T%Z) + (52(;72”%)03054) +2(1 - %)QE(:?’>
k=1 k
4 2
s (- )+ ey S
booAe- s B St k1o )



where,

M=

c = ny (therefore C' = S)

K
Sy = an for r € {2,3,4}

k=1
K 9 2
o _ (C—nk) +(52—n2) C —ny
Var(SS,;) = ;ni El(ry — 74 & — )% — ( o2 klo? + G o?
K K
+ Y Y mnwCov((me — 7+ & — 82 (tw — T+ & — 8)%)
k=1k'=1,k'#£k
In the above,
2
(C—m)’+(S2—m}) 5  C—mp o\ _ (C—n)' + (S —nd)’ +2(C—np)’(S2—n}) ,
c? ME e, ) T i 7
(C—np)® 4 (C—ni)’ + (S2 = n})(C —nk) 5
+ 70271% o. +2- Cony OMOe
= (Bl -T+&—-8%)° (1)

Further,
El(my — 7+ & — 9"

((C = nk)* + (Su — nf) 3(S2 — n?)((S2 — n}) +2(C — nx)*) — 3(Ss — nj}) "

= C4 E[T4] + C4 M
L |e= ni)t + (Ss —nd) (B() 4 30— HE(VZ)
Cct ni n%
3(S2 — n})((Sa —n}) +2(C —ny)*) =3(Sa—n}) 4
+ C*n? Te
(C = nx)* + k(S5 — n}) 22
+ lG ( Ty E(7%¢%)
ni(C = ni)* + (C = mk)*(S2 = nf) + nie(C = i) (S — n}) —nk(Ss —nd) ,»
+ 6- OMOe
C4nk
ng 41 Sy —n?
+ |:4 ((1—0) ;%— C4 k)E(T€3):|
Therefore,

El(me =7+ & — '] = (El(r, — 7 + & — ©)%])?



i 20827182 ) £ 20— ) S8 —n) ~(Cme)!

l((o — )" + (S1—nf)
04

. l(c — )"+ (Ss—nd) <E<e4> L Bl — 1>E<V3>>

1 3 3
C ny ny,

L 3(S2 = md)(S2 —n}) + 2(C —my)*) ~3(Ss —n}) ~ C*(C ~ nk>204]
C4n2 €
k
(C = nx)* +nk (S5 — n}) 2 2
E
+ < Ciny (t%€¢%)
(615 — 2C)(C = nie)((C = nx) + (S — n})) + 6(C — ny)*(Sa — n3) — 6ny(Ss —nf) 2
C ng
N 41 Sg - ni 3
o
Next, note that
Cov((th =7+ & — % (e —T+e&w —0?) = Elle—7+& — (e — 7+ & — )7
— El(m—T+& -7 El(ty — 7+ & — )7
N — nk 52 — n%) C—n
where, from (1), E[(1, — 7 + & — €)?] = ( 02 )012\/[ + (C’Tk)of
2
. _ _ = _nk Z_nk') C’—n/
similarly for E[(1j — 7 + & — €)?] = ( e ) o+ ( C’nk/k )052
Bl —7+e - —T+eaw -7 = E[(n—7)+2m -7 — &) + (@ — )

(o = 77 + 2w = 7) (& — 8) + (e — ©)7)]

+ o+
[\
&
—
NS
|
Rl
=
o
|
2
—
)
En
|
al
S~—
(O

Of these terms, we calculate each below:
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2 Code repository

MATLAB code for calculating variance of the estimator in both cases, viz. ng =
n using the formula of [1] and the above dervation, is uploaded to MATLAB
Central File Exchange as [2], [3] respectively.
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